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Abstract. We prove that a C 1 — generic symplectic diffeomorphism is either 
Anosov or the topological entropy is bounded from below by the supremum 
over the smallest positive Lyapunov exponent of the periodic points. We also 
prove that C 1 -generic symplectic diffeomorphisms outside the Anosov ones 
do not admit symbolic extension and finally we give examples of volume 
preserving diffeomorphisms which are not point of upper semicontinuity of 
entropy function in C 1 -topology. 



1. Introduction 

The topological entropy is one of the most important topological invari- 
ants for dynamical systems. Informally, the topological entropy calculates the 
"number of different trajectories" of the dynamics. Formally, we define it in 
the following way 

1 

h(f) = lim lim sup - log r(n, e); 

where r(n, e) is the maximum amount of e-distinct orbits of length n. Two points 
have e-distinct orbits of length n if there is < / < n such that d(fi(x), / ; (y)) > e. 

For Axiom A diffeomorphisms, Bowen [61 proved that entropy determines 
the asymptotical exponential growth of the number of periodic points and by 
a Katok's result for any C 1+a (a > 0) diffeomorphism of a two dimensional ma- 
nifold entropy is bounded above by such growth rate: h(f) < lim sup )WOO 

In this paper we prove lower estimates for topological entropy of C 1 -generic 
symplectic dynamics in terms of Lyapunov exponents of periodic points of the 
system ( See theorems IBllA)). 

We relate such lower bounds for the entropy to the (semi continuity) regula- 
rity of the entropy function with respect to the dynamics (see Theorem IC) and 
construct examples of surface diffeomorphisms which are not point of semi 
continuity of the topological entropy. 
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Finally, we take benefit of the estimates in order to prove the non existence of 
symbolic extensions for C 1 -generic symplectic diffeomorphisms far from the 
Anosov ones ( See theorem |D)>. 

1.1. Lower estimates for topological entropy. Firstly, Newhouse in [17] got 
some lower bound for topological entropy of generic area preserving diffeo- 
morphisms on surfaces far from Anosov diffeomorphisms. Remember for a C 1 
diffeomorphism over some manifold M be Anosov means that the whole man- 
ifold M is a hyperbolic set for /, where an /-invariant compact set A of M is a 
hyperbolic set if there is a continuous and D/-invariant splitting T A M = E s E" 
such that there are constants < A < 1 and C > 0, satisfying 

\\Df k x \E s (x)\\<CA k and ||D£*|E"(;c)|| < CA k , 

for every x 6 A and k > 0. 

More precisely, let M be a compact, connected surface with a volume form 
m, and denote by Diff m (M) the set of conservative C 1 diffeomorphisms, i.e., the 
set formed by diffeomorphisms that preserve the volume form m. Taking 

s(/) = sup|^^logA(p,/)| 

over all hyperbolic periodic points p of /, where i(p, f) is the minimum period 
of the hyperbolic periodic point p, and A(p, /) is the absolute value of the unique 
eigenvalue of Df T{ - p, f\p) with absolute value larger than one, Newhouse's result 
is the following. 

1.1. Theorem. (Newhouse) There exists a residual subset S c Diff^M) such that if 
f e Sis a non Anosov diffeomorphism then 

h(f) > s(f). 

Here we show that indeed generically the reverse inequality also holds and 
this implies: 

Theorem A. There exists a residual subset S c Diff^M) (volume preserving surface 
diffeomorphisms) such that iff e & is a non Anosov diffeomorphism then 

h(f) = 8(f). 

Observe as a corollary of this theorem and semi continuity of / — > s(f) (see 
preliminary definitions in the next section) we conclude that "generically" topo- 
logical entropy is semi continuous in C 1 -topology. However, it is not known 
whether the semi-continuity points of topological entropy form a C 1 -generic 
subset. 
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It is interesting to mention that among Anosov diffeomorphisms, diffeomor- 
phisms of a C 1 -open and dense subset satisfy h(f) < s(f). See Proposition 12.11 
which gives an upper bound for the entropy of Anosov diffeomorphisms. 

In general it may exist diffeomorphisms where h(f) > s(f). In fact there 
exist even minimal diffeomorphism with positive entropy. In two dimensional 
case there are minimal homeomorphisms with positive entropy [20 J. However, 
these examples are not volume preserving (and should be outside a C 1 - generic 
subset). 

1.2. Question. Is there an example of a conservative C 1 surface diffeomorphism where 
h{f)>s{f)2 

Our next result is a generalization of Newhouse's theorem to higher di- 
mensional symplectic setting. Let (M,co) be a compact, connected, smooth 
Riemanian symplectic manifold. For a hyperbolic periodic point p of /, we 
denote by A(p,/) the absolute value of the smallest eigenvalue of Df T( - P/ f\p) 
between those ones with absolute value bigger than one. Define 

s(/):=sup|^^logA(p,/)| 

over all hyperbolic periodic points p of /, and then what we prove is the 
following. 

Theorem B. There exists a residual subset S c Diff^,(M) such that if f e Sis a non 
Anosov diffeomorphism then 

Hf) > s(f). 

1.3. Question. What about Conservative case? What can be said if we define s(f) 
as the supremum over the sum of all positive Lyapunov exponents of periodic points 
instead of just the smallest Lyapunov exponent of periodic points? 

1.2. Regularity of Entropy. An important problem in smooth ergodic theory 
is the regularity of entropy with respect to dynamics. By Newhouse result we 
know that / — > h(f) is upper semicontinuous in the C°° topology for any com- 
pact boundaryless manifold and using Katok's result it is indeed continuous 
for C°° surface diffeomorphisms. Here we show that 

Theorem C. There are examples of surface diffeomorphisms f e Diff°°(M) such that 
f — > h(f) is not even upper semi continuous in the C 1 -topology at f . 

1.3. Symbolic Extensions. Symbolic dynamics play a crucial role in ergodic 
theory. It is a challenging problem to know whether a dynamics can be codified. 
We can obtain upper bounds for the entropy by means of symbolic dynamics: 
A dynamical systems (M, /) have a symbolic extension if there exist a subshift 
(Y, o) and a surjective map n : Y — > M such that noo = f on. (Y, a) is called an 
extension of (M,/) and (M,/) a factor of (Y,o). And so, if the system has some 
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symbolic extension we gain directly an upper bound of the topological entropy 
Nevertheless, such estimate could be extreme. This way one extension is called 
principal extension if the map n is such that h v (o) = h nitV (f) for every cr-invariant 
measure v e Ai(o) over Y, where h v (o) is the metric entropy of o with respect 
to v. 

Boyle, D. Fiebig, U. Fiebig |7] proved that asymptotically /z -expansive dif- 
feomorphisms have a principal symbolic extension. By a result of Buzzi ||9l 
every C°° diffeomorphism of compact manifold is asymptotically entropy ex- 
pansive and consequently have a principal symbolic extension. Also, recently 
D. Burguet [8] showed that every C 2 surface diffeomorphism have symbolic 
extensions. These results give a positive partial answer to the conjecture of 
Downarowicz and Newhouse which expects symbolic extension for any C 
(r > 2) diffeomorphism. 

Let us mention that Diaz, Fisher, Pacffico and Vieitez [pTT]| proved that every C 1 
partially hyperbolic diffeomorphism with a nonhyperbolic central bundle that 
splits in a dominated way into 1-dimensional sub-bundles is asymptotically 
/z-expansive and therefore has a principal symbolic extension. See also IITOl . 

On the other hand, Downarowicz and Newhouse using Theorem ll.ll proved 
in ||T6l that far from Anosov diffeomorphisms, generic area preserving diffeo- 
morphisms in C 1 topology admit no symbolic extensions. We extend this result 
to higher dimensional symplectic diffeomorphisms. 

Theorem D. There is a residual subset S c Diff*,(M) such that if f e S is a non 
Anosov diffeomorphism then f has no symbolic extension. 

Now, using this result we be able to give an easy and short prove of the 
stability conjecture in symplectic scneario. We say that a symplectic diffeomor- 
phism is structurally stable if there is some neighborhood U of / in Diff* (M) 
such that every diffeomorphism g e 11 is topologically conjugated to /, i.e., 
there is one homeomorphism h over M such that hf = gh. 

1.4. Corollary. A diffeomorphism f e Diff^(M) is structurally stable if, and only if 
f is Anosov. 

Proof. Suppose / e Diff^(M) is a structurally stable diffeomorphism. Now, 
by Zehnder [24|, smooth diffeomorphisms are dense among the symplectic 
ones and since C°° diffeomorphisms have a principal symbolic extension, ev- 
ery diffeomorphism in some neighborhood of / also has a principal symbolic 
extension. So, accordingly to Theorem [D] this is only possible if / is Anosov. 

□ 

1.5. Remark. The proof of the above corollary is based on Theorem |Pl but to prove it 
we use the unfolding ofhomoclinic tangency outside Anosov set that happens in the 
symplectic scenario, which is by itself an obstruction of stability. Nevertheless, we 
would like to emphasize that a priori non existence of symbolic extensions does not 
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have direct relation to homoclinic tangencies. So, we conclude that "any mechanism in 
C 1 -topology" which yields non existence of symbolic extensions implies non structural 
stability. 



However, very recently we were informed that G.Liao, J.Yang and M. Viana 111511 
proved that diffeomorphisms C x -farfrom tangencies have symbolic extensions. 

This paper is organized as follows. In section 2 we will prove some generic re- 
sults relating topological entropy with Lyapunov exponents of periodic points, 
in particular, we prove Theorem A. In section 3, we prove Theorems B and C 
using a main technical proposition ( Proposition |3.1|) . In section 4, the main 
technical proposition is proved and finally in section 5 we give examples of 
(upper semi) discontinuity points for topological entropy 

2. Entropy and Lyapunov exponents of periodic points 

In this section firstly we review some background definitions and results, and 
prove an strict upper bound for the entropy in a C 1 -open and dense subset of 
Anosov volume preserving diffeomorphisms. After, using results of Abdenur, 
Bonatti and Crovisier [1J we prove an upper bound for entropy of C 1 -generic 
volume preserving diffeomorphisms of compact manifolds (any dimension) 
and apply it to prove Theorem [A] 

2.1. Preliminary definitions. Given / € Diff^(M) and a hyperbolic periodic 
point p of /, we denote by x(p, /) the smallest positive Lyapunov exponent for 
the hyperbolic periodic point p of /, i.e., x(p,f) = log A(p,f), where 
A(p,f) = (o(Df~ T<p 'f > \E u ))~ 1 / being a the spectral radio of the map, and as before 
%{p,f) is the minimum period of the hyperbolic periodic point p. In fact, 
defining 

- T(p)-1 

as the periodic measure for p, where dp^ is the dirac measure for f l (p), we have 
that xiV/f) is the smallest positive lyapunov exponent for the ergodic measure 
\i r 

Now, given n € N we consider s n (f) = max{x(p, f); p eH n (f)}, where 
H n (f) is the set of hyperbolic periodic points of period smaller or equal than 
n. Since H n (f) c H n+ \(f), we have s n (f) < s„+i(/), and then it's well defined 
s(/) = lim,,^ s n (f). From robustness of the hyperbolic periodic points we have 
that the functional s n is continuous for every n e N, which implies that s(f) is 
lower semicontinuous. 

2.2. Generic upper bound for entropy of Anosov difeomorphisms. In the 

setting of volume preserving Anosov diffeomorphisms the scenario is much 
more clear. 
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2.1. Proposition. There exists a C x —open and dense subset T of 'volume preserving 
Anosov diffeomorphisms such that for any f with dim(E") = uwe have 

u 

h(f)< sup Yj^tip) 

pePer(f) i=1 

where the sum is over all positive Lyapunov exponents of p. 

Proof Take any volume preserving Anosov diffeomorphism /. After a small 
C 1 -perturbation, if necessary, we can assume that / is a C 2 Anosov diffeomor- 
phism. This regularization result is due to Avila 0. Now, we know that for 
volume preserving Anosov diffeomorphisms the Lebesgue measure m is the 
unique ergodic equilibrium state for the potencial (p u (.) = -log/ u (/) where 
/"(/) := \detDf\E u (f)\. Recall that the entropy maximizing measure is just the 
equilibrium state for the identically zero potential. Using Bowen's result it is 
clear that p, the entropy maximizing measure, coincides with Lebesgue if, and 
only if, the potential <p u is cohomologous to a constant function. So, perturbing 
/ in C 1 -topology we can assume that p. is singular with respect to the Lebesgue 
measure. 

Following, recall that in Bowen's approach the entropy maximizing measures 
are obtained as the limit of periodic distributions. That is 

_ EpePer„(/) &p 

^ n '- #Per n (f) ^ 
Since (p"(.) is a continuous function we have f -(p"(x)dp(x) = lim,,^ J -cp u (x)dp n (x) 
and by definition we conclude that J -(p"dp n < sup psPe) . ( ^ Ya=\ Xfif)- Then, 



-cp u dp< sup Yxtip)- 

pePer(f) ^ 



Now, provided / is Anosov the pressure of (p u (.) is zero. Hence, 

= P f ((j) u ) = h m (f) + J cf> u dm 

> h^f) + J cp u dp 

= Kf) + J(p"dp. 

So it came out that 

/ u 
-<P"dp< sup Y xl(p). 
pePer(f) 

Finally, we claim that any C 1 -perturbation of / also satisfies a similar ine- 
quality. Indeed, as entropy is locally constant (by structural stability of Anosov 
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diffeomorphisms) and / — > sup v ePer(f) ^i=i Xfip) ^ s a lower semi continuous 
function we conclude that for any g C 1 -close enough to / we have 

u 

h(g)< sup J^xtip)- 

pePer(g) !=1 

□ 

2.3. Generic upper bounds for entropy and proof of Theorem A. Let / be 

a C 1+a diffeomorphism on a compact manifold and p. an ergodic hyperbolic 
measure. Then Katok proved, see 111311 , that there exists a sequence of periodic 
points p n such that dirac measures on the orbit of p n converge to \i and the 
Lyapunov exponents of p n converge to the Lyapunov exponent of p,. By vari- 
ational principle h(f) = sup fl h^(f) where the supremum is over all f-invariant 
ergodic probability measures. By Ruelle's inequality h^(f) < L X[ where the 
sum is over all positive Lyapunov exponents of p. Suppose that the supremum 
in the variational principle can be taken over hyperbolic measures. Then we 
conclude that 

h(f)< sup Yj^tiP) 

pePer(f) 

Using Abdenur,Bonatti and Crovisier 's ideas we show it is the case for C 1 -generic 
volume preserving diffeomorphisms. 

Theorem A will be a consequence of Theorem ll.ll and the following theorem. 

2.2. Theorem. There exists a residual subset % c Diff^M) (M of any dimension d) 
such that for any f eft 

h(f)< sup Yjtitv) 

pePer(f) i=1 

where the sum is over all positive Lyapunov exponents of the periodic point p, counting 
multiplicity. 

Let us see first, how to prove Theorem A. Take % as the residual subset 
derived from the intersection of the ones given by Theorem 11.11 and Theorem 
12.21 If the supremum in Theorem |Z2] was taken over hyperbolic periodic points 
then this sup in dimension two would be equal s(/) and then Theorem A was 
proved. In order to overcome this, we divide the proof in two cases. Given 
a diffeomorphism / e R, if h(f) = then we have equality by Theorem 11.11 
(s(/) > 0), i.e., h(f) = s(f). On the other hand, since in dimension two for a 
periodic point of a conservative diffeomorphism be hyperbolic it's enough to 
have positive lyapunov exponent, if h(f) > we have that in Theorem 12.21 the 
supremum is in fact over the hyperbolic periodic points, and then, we also 
have equality between h(f) and s(/), which concludes Theorem A. 

In the sequence we prove Theorem 12.21 
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Using Abdenur, Bonatti and Crovisier [H, we can prove the following Propo- 
sition. 

2.3. Proposition. There is a residual subset K c Diff^M) such that if f e K and 
p is an ergodic measure for f, then there are periodic measures p p converging to p in 
the weak topology, and moreover the vectors formed by the lyapunov exponentes of \i v , 
L(p p ) e R d , also converge to the Lyapunov vector L(p) e R d . 

In fact, they proved this result for dissipative diffeomorphisms, Theorem 3.8 
in IU. But, unless generic arguments which are also true in the conservative 
setting, their theorem is a consequence of Proposition 6.1 there, which we state 
here for simplicity. 

2.4. Proposition. Let p be an ergodic invariant probability measure of a diffeomor- 
phism f of a compact manifold M. Fix a C 1 -neighborhood 14 of f, a neighborhood *V 
of p. in the space of probability measures with the weak topology, a Hausdorff neighbor- 
hood % of the support of p, and a neighborhood O ofL(p) in M. d . Then there is g e 1/ 
and a periodic point p of g such that the Dirac measure p p associated to p belongs to 
*V, its support belongs to <K, and its Lyapunov vector L(p p ) belongs to O. 

They divided the proof of this proposition in two lemmas, Lemma 6.2 and 
Lemma 6.3 there. In the first one, given an ergodic measure p for / they 
found strategic periodic points p n of some diffeomorphisms /„ E K with good 
properties. Then, in Lemma 6.3 they proved that in fact the Lyapunov vectors 
L(p Pn ) converge to L(p). 

Hence, since we want this result in the conservative world, given some 
conservative diffeomorphism / we need to find conservative diffeomorphisms 
/„ in any neighborhood of / with same good properties as in their Lemma 
6.2. Fortunately, since we have the ergodic closing lemma, see [4], and Frank's 
lemma, see [14] and [2], in the conservative scenario, the proof of a conservative 
version of Proposition 12.41 is exactly the same. 

Now, using Proposition 12.31 we prove Theorem 12.21 

Proof of Theorem \2.2\ Let f eK, where K is the residual set as in Proposition 
12.31 Given any e > 0, by variational principle there is an ergodic measure 
p e M(f) such that 

Hf) < h,{f) + e. 

By Ruelle's inequality h p (f) < YuXl{y)r where the sum is over all positive 
Lyapunov exponents of p. Now, by Proposition 12.31 there is a periodic point p 
of / such that £ xf(l^) < Z xf(^p) + £• And then, we have 

+ 

h(f)< sup Y u Xi(p) + 2e. 

pePer(f) { 

Therefore, since e is arbitrarily small we prove the theorem. 

□ 
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3. Entropy estimate for symplectomorphisms 

If / is a C 1 diffeomorphism over some manifold M, and p is a hyperbolic 
periodic point of/, we denote by H(p, f) the set of transversal homoclinic points 
of p, where q <$. o(p) is a transversal homoclinic point if is a transversal intersection 
point of W s (o(p),/) and W u (o(p),f). If the intersection is not transversal we say 
that q is a point of homoclinic tangency. 

Zhihong Xia in [22 j proved that there exists a residual subset *H c Diff^(M) 
such that if / 6 *H and p is a hyperbolic periodic point of / then transversal 
homoclinic points are dense on stable and unstable manifolds, W s (o(p),/) U 
W"(o(p),/) c cl(H(p,f)). Let us now state the main proposition and prove 
Theorems |B] and O We postpone the proof of this proposition to the next 
section. Recall x(p,f) = 1/t(p,/) log A(p,/) is the smallest positive lyapunov 
exponent for a hyperbolic periodic point p of /. 

3.1. Proposition. (Main Technical Proposition) Let p be a hyperbolic periodic point 
of some non Anosov diffeomorphim f e ( H. Given n > and any neighborhood 
N c Diff*,(M) of f, there exists an open settfcN such that if g etf, then g has a 
basic hyperbolic set A(p(g),n) c cl(H(p(g), g)) r where p(g) is the continuation of the 
hyperbolic periodic point p of f for g, such that the following properties are true 

a) h(g\A(p(g),n)) > xip(glg) ~ \- 

b) There exists an ergodic measure p e M(A(p(g), n)) such that 

1 

hpig) > x(p(g), g) - -• 

c) For every ergodic measure p e M{A(p(g), ri)), we have 

1 

where p is a metric which generates the weak topology. 

d) For every periodic point q e A(p(g), n), we have 

1 

X{c\,g)>X(p(g),g)--- 

3.1. Proof of Theorem [Bj We denote by J{ the set of Anosov diffeomorphisms 
and consider T) = Diff^,(M) - cl{fK), the complement of the closure of Anosov 
diffeomorphisms. 

For positive integers n and m, let B„ <m be the set of diffeomorphisms / in 
D such that there are p e H n (f) and a hyperbolic basic set A c cl(H(p,f)), 
satisfying 

h(f\A) > S n (J) - 1. 

Theorem |B] follows immediately from the next claim. 

Claim: B H/m is an open and dense subset of D, for every positive integers n and m. 
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To prove the claim, we can start with / e £) n *H since we are in a Baire space. 
Now, let n, m e IN be anyone. 

By definition of s n , there exists po e H„(/) such that 

s«(/) = Xipoj)- 

Using Proposition 13.11 we can find f C 1 -close to / such that f has a hyper- 
bolic basic set A c cl(H(po(fx), fi)), where po(/i) is the continuation of po for fx, 
and 

(1) h(AIA) > x(po(/i) //i) - ^- 

Now, using the robustness of A and po, the invariance of topological entropy 
and that s n is continuous, we have the following for g C 1 -near fx 

Kg) > h(g\A(g)) 
= h(fx\A) 

> Snig) ~ K 

which proves the claim and then Theorem B. 

□ 

3.2. Proof of Theorem[Dj Remember that (X o) is a symbolic extension of (M, /) 
if there exists a continuous surjective map n : Y — > M such that n o o = f on. 
As we already comment, it may happen that symbolic extensions of a system 
have larger entropy and carry much more information than the system. 
Hence, let 

h n ext {p) = sup{fr v (cr|Y) : = for p e M(j), 

and observe that principal symbolic extensions minimize these functions. 

Let S(f) be the set of all possible symbolic extensions (Y,cr, n) of (M,f). We 
say that S(f) = if there is no symbolic extension of (M,f). We define the 

residual entropy of the system by 

h res (f) = h sex (f)-h(f), 

where 

/ inffl&OO: (Xo,n) e S(/)} ifS(/)#0 

n S eAJ) -Soo if S (f) = 



A LOWER BOUND FOR TOPOLOGICAL ENTROPY 



11 



In terms of this, to prove TheoremlDlwe need to show that h sex (f) = oo for all 
non Anosov diffeomorphism / in some residual subset S c Diff*,(M). 

Given / : M — > M a homeomorphism in a compact metric space M, an 
increasing sequence a% < a 2 < . . . of partitions of M is called essential for / if 

1. diam{a k ) — > when — > oo, and 

2. p(da k ) = for every p £ Ai(f). Where da k denotes the union of boun- 
daries of all elements of the partition a k . 

A sequence of simplicial partitions is a nested sequence <S = {ai,a 2/ ...} of 
partitions whose diameters go to zero, and each a k is given by some smooth 
triangulation of M. By Proposition 4.1 in j|16l there is a residual subset Hs c 
Diff^(M) such that if / £ Hs then <S is an essential sequence of partitions for /. 

Hence, for every k fixed, the function 

h k (p) = h^(a k ), 

is the infimum of continuous functions over Ai(f), and then is upper semicon- 
tinuous. Here h^(a k ) is the entropy of the partition a k for /. The following 
proposition gives us a very useful way to prove non existence of symbolic 
extensions. It was also proved in ||T6ll . 

3.2. Proposition. Let f e Us and suppose & be some compact subset in M{f) such 
that there exists a positive real number p such that each p. £ & and k > 0, 

limsup[h v (/) - h k (v)] > p Q . 

ve£,v— >fi 

Then, 

hsex(f) = co- 
Recall H n (f) denotes the set of hyperbolic periodic points with period smaller 
or equal than n, and let H(f) = U n H n (f). By Pugh's closing lemma the set of 
diffeomorphisms %i formed by / with H(f) ^ is open and dense in Diff a ,(M). 
Hence, it's well defined t(/) as the smallest period of the elements in H(f) for 
every / e Hi, and then let c Ki be the set of diffeomorphisms / with 
t(/) = m. Note, Hi is a disjoint union of Hi /m . 
Now, for each / £ Hi we define 

X(f) = supk(p,/) : p e H(f) and t(p,f) = t(/)}. 

Then, x(f) > and depends continuously on / £ Hi. 

Recalling that c Diff^,(M) is the set of Anosov diffeormophisms, let H 2 , m = 
H Xm \cl(^), which implies Hi\cl(Jl) = \J,„ H 2 , m . 

Suppose now that A is an f-invariant periodic set with basis Ai and a = 
Ai,A 2 , ...,A S some finite partition of M. We say that A is subordinate to a if for 
each positive integer n, there exists an element A in £ a such that f n (Ai) c A in . 
Hence, if p £ At(/|A) then h^a) = 0. 
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Now, given a positive integer n, we say that a diffeomorphism / satisfies 

x(f) 

property S„ if for every p 6 H n (f) with x(p,f) > ~^~> 

1. T/zere exzsfs a hyperbolic basic set of zero dimension A(p, n)for f such that 
A(p,n) n da n = and A(p,n) is subordinate to a n . 

3. There exists an ergodic measure \i G M{A{p,n)) such that 

h,(f)>x(p,f)-l- 

4. For every ergodic measure \i g M(A(p, n)), we have 

1 

p(p,p p )< -. 

5. For every periodic point q G A(p, n), we have 

1 

X(q,f) >X(p,f)~ -■ 

Given positive integers m < n, let £) m/ „ c 7? 2 ,m be the subset of diffeomor- 
phisms / satisfying property S n . 

Since periodic points in H n (f) with smallest positive lyapunov exponent 
bigger than ^(/)/2 are finite, directly from Proposition 13.11 conditions (3), (4) 
and (5) above are satisfied for diffeomorphisms in an open and dense subset of 
%i im . Now, fixed some partition a n we can take a smaller open set U where we 
build the hyperbolic set A(p, n), as we can see in the proof of Proposition 13.11 
in the next section, in order to obtain that the set A(p,n) is subordinate to a n . 
Therefore, since this is a robust property we have proved the following lemma. 

3.3. Lemma. For positive integers m <n, D„ 1/n is open and dense in %i im . 

Now, using property S n and the above lemma the proof of Theorem [D] is 
similar to the proof of Theorem 1.3 in ||T6l , but for convenience we reproduce 
it again. 

Proof of Theorem ID} Let 

^ 2= un Dm <"- 

m>\ n>m 

By Lemma |33l we have that < R = < R s n('R 2 U J{) is a residual set in Dif4(M). 

What we show now is that all non Anosov diffeomorphism / G K has no 
symbolic extension, i.e., h sex (f) = oo. 

Let / G K be a non Anosov diffeomorphism. Now, we define 

£i = jp P ; such that p G H(f) and x(f,f) > j , 
and let S denotes its closure in Ai(f). 
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Using this set and property S ni we show that the hypothesis of Proposition |3.2| 

x(f) 

are satisfied if we take po = — — ■ For this, it's enough to verify the hypothesis 

for every p p e S\, and fixed ieN. 

Hence, given neN big enough, since / E'R, there exists a hyperbolic basic 
set A(p, n) for / subordinate to a n , and an ergodic measure v n e A\(A(p, ft)) such 
that p(v n ,p p ) < 1/n and 

(2) Kif)>x<v,f)-\. 

Since we can suppose n > k, we have that a n is smaller than and then 
A(p, n) is also subordinate to a^. Hence, as v n 6 At(A(p, rij) 

(3) h k (v n ) = 0. 
Therefore, we have that v„ — > p p , when n — > oo, and 

1 

\K(f) - Hv>r)\ = KXf) > x(p,f) --> PO' 

where the last inequality is satisfied for big values of n, since p p £ Si. 

To complete the proof we need to show that v n is in S, for every n. To see 
this, we use that v„ is approximated by periodic measures since is an ergodic 
measure supported in a hyperbolic basic set. That is, there exist q m/ „ £ A(p, n), 
hyperbolic periodic points of /, such that p qmn converges to v n in the weak 
topology. This way, our work is reduced to show that p qmn 6 &\, which is 
direct from item 5 of property S n , provided / e H. The proof of theorem ID] is 
complete. 

□ 



4. Symplectic Perturbations: proof of Proposition I3.ll 

Before going into the proof of the proposition let us recall some basic fact 
about symplectic structure. Let (V, cS) be a symplectic vector space of dimension 
2n. For any subspace W c V its symplectic orthogonal is defined as 

W M = {ve V; co(v, w) = for all w e W}. 

The subspace W is called symplectic if n W = {0}. W is called isotropic 
if W c W", that is co\W x W = 0. A special case of isotropic subspace is a 
Lagrangian subspace, i.e., when W = W w . For a symplectic manifold (M,co) and 
a symplectic diffeomorphism / it is easy to see that for any point on an unstable 
(stable) manifold of a hyperbolic periodic point, the tangent space to unstable 
(stable) manifold is a Lagrangian subspace. 

The proof of main proposition is done in three steps where the second and 
third are the main ones and use the symplectic structures. 

Let / G fi be a non Anosov diffeomorphisms. 
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Step 1- We find gi C 1 -close to / such that p is still a hyperbolic periodic point 
of gi, and gi exhibits one homoclinic tangency between W s (o(p), gi) and 
W u (o(p),gi). Moreover, g\ = Df p in a small neighborhood of the orbit of 
p (in local symplectic coordinates). 

Step 2- We find g2 C 1 - close to g\ where g2 admits a segment of line of homoclinic 
tangency We should perform perturbations in the symplectic high 
dimensional setting. 

Step 3- Finally we perturb g 2 to obtain g with a hyperbolic invariant set satis- 
fying the properties required by the proposition. All (^-perturbations 
of g also share the same property for the corresponding hyperbolic set. 

Proof of step 1: The way to create homoclinic tangency is in the lines of the 
proof of Newhouse (step 6, Theorem 1.1 in [18]). After that, we use a pasting 
lemma of Arbieto-Matheus and continuity of compact parts of stable and 
unstable manifolds to obtain a tangency and linearization in a neighbourhood 
of the periodic point. We should point out that because of high dimensions 
of stable and unstable manifolds, by homoclinic tangency we obtain at least 
one (it can be unique) commom direction between the tangent spaces of these 
manifolds at the point of tangency. 

Proof of step 2: For simplicity we suppose p is a hyperbolic fixed point of g\, 
and let V be a neighborhood of p where in local symplectic coordinates g\ is 
linear, with E s p = R" x {0}" and Ep 1 = {0}"xR". Moreover, by Darboux's Theorem, 
we can also suppose in V that co is the standard 2-form for R 2 ", co = Yj d-Xi A dy,. 

Let q be the point of homoclinic tangency between Wj (p,gi) and W u (p,gi), 
such that q e V and g^iq) € V- Hence, we can take one small neighborhood 
U c V of q such that g^iU) n V = 0. We denote by D the connected component 
of W u (p, gi) n U that contains q. 

We want now to perturb g\ in order to get an interval of homoclinic tangency. 
Since stable (unstable) manifolds is a graphic, it's not difficult to do this in the 
conservative scenario using the point of tangency q. In symplectic case this may 
be done using the fact that stable (unstable) manifold is a lagrangian manifold 
as we explain it below. 

First, we consider another simplectic coordinate on U in order to simplify 
the notation such that q is the origem, and we have the following 

w L(P'Si) nu = { yi = y 2 = ... = y n = 0} n U, 

T q D = {yx =x 2 = ... =x n = 0}, 

and so 

W s hc (p,g 1 )nUnT q D = {e 1 }, 

where we are considering \e\, ...,e n , ....,e 2 ^ as the canonical basis of R 2 ". Note 
we are using that dim(T q W s (p, g\) + T q W u (p, gi)) =2n — l, which we can suppose 
after some perturbation if necessary. 
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The following lemma is the technical point that allows us to build the interval 
of homoclinic tangency for symplectomorphisms. 

4.1. Lemma. There exists a symplectic diffeomorphism (p : U — > R 2 " over its image, 
C 1 close to identity map Id in a small neighborhood ofq, such that (p(D) Pi W s hc (p, gt)nll 
contains one segment of line. 

Proof. Just here we use coordinates (x, y) with respect to the following decom- 
position of the space R 2n = E©F, where E and F are generated by \e\, e n+2 , e2 n ) 
and {e 2 , ...,e n+ i), respectively. Recall that E = T q D, and q = (0,0) by the choice 
of the coordinate. 

Now, since D is locally a graphic of one function with the same class of 
differentiability that g\, there exists a C 1 map ; : B c R n — > R 2n , j(x) = (x, r(x)), 
such that j(B) = D. Moreover, ; is such that Dr(0) = 0, and since D c W u (p,gi) 
is a lagragian submanifold, we have fee = 0, where fee is the pull-back of the 
form co by /. Analogously, if i : R" — > R 2 " is the natural inclusion, i(x) = (x, 0), 
we have i*co = (recall co in U is the standard 2-form on R 2 "). 

Let us define <p : U — > R 2 " by (/>(x, y) = (x, y - r(x)). Taking IT smaller, if 
necessary, <p is in fact a diffeomorphism from LZ into its image and C 1 near Id, 
since Dr(0) = 0. Hence, to conclude the lemma we need to show that <p is indeed 
symplectic. Denoting the projection in the first coordinate by n : R 2 " — > R", 
7z(x, y) = x, we can rewrite <p in the following way <fi = Id + i o n — j o n. Then, 

<ft*co = co + n*i*co - rCfco = co, 

where we use that i*co = fco = in the second equality. Therefore, the lemma 
is proved. □ 

Using the pasting lemma of Arbieto-Matheus [3] in symplectic case and the 
map <p given by Lemma 14.11 we can find R : U — > U C 1 close to identity Id, 
with R = <fi in a small neighborhood of q, and R = Id outside another small 
neighborhood containing the last one. Hence, considering R : M — > M with 
R = Id in U c and R = R in U, and taking g 2 = R o g 1 we have a C 1 perturbation 
of g\ that coincides with g\ in (g~ l (U)) c . Moreover, the most important is that 
this perturbation exhibits an interval of homoclinic tangency as we wanted. 
More precisely, there is one segment of line I c W s loc (p, gi) n W u (p, g 2 ) Pi U. Note 
that I is in the space generated by the unit vector e\, and after some symplectic 
coordinate changed inside U, we can suppose I c {(xi,0, ...,0), -2a < X\ < 2a), 
for some a > small enough and usual coordinates of R 2 ". 

Proof of Step 3: The idea now is to use this interval of tangency to create 
hyperbolic sets with the properties required by the proposition. Let N be a big 
positive integer and 5 > an arbitrary small real number. As before (using 
pasting lemma) we can find a symplectic diffeomorphism : M — > M, 5 - C 1 
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near Id, = Id in U c and 

@(x, y) = x n , yi+A cos J/2, J/n) , for (x, y) e B(0, r) c U, 

2Kab 

for A = and r > small enough, where K is some constant depending only 

nN 

on the symplectic coordinate on U. Hence, g = o g 2 is 5 - C 1 close to g2 and 
moreover g = g 2 in the complement of ^(U). Although the diffeomorphism g 
depends on N, we always denote these diffeomorphisms by g. We would like 
to note this perturbation is an adaptation of Newhouse's snake perturbation 
for higher dimensions, i.e., it destroys the interval of tangency and creates N 
transversal homoclinic points for p inside U. 

Using the function we choose two good points on unstable manifold of p 
for g, Z\ = ©(-a, 0, • • • ,0) and Z2 = ©(a, 0, • • • ,0). Now, we consider y\ and yi 
two transversal disks to unstable manifold W u (p,g) at Z\ and Z2, respectively. 

From now on we use the symplectic coordinate on V fixed before. Note that 
g is equal to g\ inside V and so g is linear in V. 

Given a set E, we denote by C(E, x) the connected component of E containing 
x. By A-Lema and choice of y\ and yi, C(g" ; (yi) Pi V,g~i{z\)) and C{g~i{yi) n 
V,g~i(z2)) accumulate on W s loc {p,g) for big values of j > 0. 

Hence, if D s = W s hc (p, g)C\U then for / big enough we can define the rectangle 
Dj = D s xD" as being the cartesian product between D s and D", where D" is the 

smallest possible disk in {(0, . . . , 0, i/i, . . . , y„), yi £ R} such that Ti2(C(g~>(yi) n 
V,g~i{ z i))) c D", for i = 1,2. Here Ti2(x, y) = y stands for the projection on the 
second nth-coordinates of R 2 ", and recall we are considering V inside Euclidean 
space with E s p = W x {0}" and E u p = {0}" x W. 

Let / c U be some small enough disk inside the unstable manifold W u (p, g) 
containing the N transversal homoclinic points built before, and let T >> 
such that g~ T (J) c V, and moreover g~ T (yi), i = 1,2, is close to W s hc (p,g). We 
denote by f the A/2-neighborhood of /, and define T = g~ T (T). 

Now, let t be the smallest positive integer such that C(g~ to (yi),g~ to (Zi)) is 
A/2 - C 1 close to W hc {p,g), i = 1,2. Note that if V > f 0/ and g t '" T (D t ,) c T, then 
g* (Df) Pi (Df ) contains N disjoint connected components. Hence, we consider 
Z3 = (fc,0, ...,0) and Z4 = (b',0, ...,0) two points on local stable manifold of p, 
where b and fo' are the left and right boundary points in the first coordinate of 
W s loc (p, g) n LT. Also, let y^ and 74 be two transversal disks to W s hc (p, g) at Z3 and 
z 4 , respectively. By A -lemma again we can define fi as the smallest possible 
positive integer such that 

C(gHyi),g h (Zi)) n C(^- T ( 7/ )^- T (z 7 )) n r ^ 0, for ; = 1,2 and i = 3,4. 

Finally, we define t = max{i , fi + T} , see figure 1. Note t depends on N since 
to and t\ depends, and also observe that t goes to infinity when N goes. 
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Figure 1. 



By the comments above and choice of t, we have that g f (D f ) n D t has N 
disjoint connected components, and t is the smallest possible one such that 
D t is A/2 - C 1 close to W hc {p,g) and g\D t ) is A/2 - C 1 close to / C W l {p,g). 
Therefore, since we have a horseshoe with N legs, the maximal invariant set in 
D t for g f 

A(p,N) = Q^'(D f ) 

is a hyperbolic set with dynamics conjugated to a shift of N symbols. Then 
h(g f \A(p,N)) = logN, and taking 

t 

A(p,N) = {Jgi(A(p,N)) 

;=i 

1 

we have h(g\ A(p, N)) = - log N. 

The following lemma is the main point in this step. 

4.2. Lemma. For A and t defined as before, there exists a positive integer K\ indepen- 
dent of A, such that 

A<K 1 min{||Dg p - f |E ! '||, ||D^|F||}. 

Proof. Since V is a neighborhood of p where g is linear, if m is the biggest one 
such that g'(x) 6 V for < j < m, there exist constants K 2 and K 3 depending on 
the symplectic coordinate on V such that 
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(4) K 2 \\Dg™\E u \\- 1 < d(x, W s hc (p,g)) < K 3 \\Dg- m \E u \\, 

for x € V. Analogously, if m is the biggest one such that g~i(x) e V for < j < m, 
then there exist constants K4 and K 5 such that 

(5) K 4 ||Dg-"1F|r 1 < d(x,W? 0C (p,g)) < K 5 \\D$\E S \\. 
Now, by choice of f, either there exists z e D t such that 

(6) d{g{z),W hc { V ,g))>AI2, 
or there exists z e g'(D f ) such that 

(7) d{g-\z),J)>AI2. 

Suppose the first case. Recall that for j > T the rectangle Dj is defined and 
moreover Dj c V, which implies g(z), g(g(z)), ^~ 1_T (S"(z)) s V. Hence, using 
inequality @ we have 

j < K 3 \\D g - p t+T ^\m 

On the other hand, using inequality © and the neighborhood T, we can do the 
same thing for the second case, obtaining 

\ < U\Dg^- T \E\ 

And then, since Dg is bounded and T is independent of A we can find K\ as we 
claimed. 

□ 

From now on fix n a large positive integer as Proposition B.ll requires. 
Since A = — using Lemma l4~2l and for N big enough, we have 

- t logN > min {1 log HD^IE'll" 1 , 1 log HD^IET 1 } - -U 

Observe now, when f goes to infinity the above minimum converges to the 
minimum between the smallest positive Lyapunov exponent, x(p, g) as defined 
before, and the absolute value of the biggest negative Lyapunov exponent of 
p for g. Moreover, since we are in the symplectic scenario these two numbers 
are equal. Therefore, provided t goes to infinity when N goes, we can find a 
positive integer N\ such that 

1 1 

jlogNi >x(p,g)-~- 

Which implies that it's possible to find some C 1 -perturbation g of / such that 

1 

h(g\A(p,N 1 ))>X(p,g)--- 
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For general case, when p is not a fixed point of g\, i.e., x(p,gi) > 1, we have 
that q G W ; s oc (p /( gi) n W"(/ ; (p),gi), for some < ; < x(p,gi). Then as we did 
before, we can find some perturbation g of g\ and f = i(p, g)f + / such that g* has 
a hyperbolic basic set A(p, N). Moreover, there is a relation between the norm 
of Dg T ( p, & and A as in the Lemma 14.21 changing t by t. Hence, we can find Ni 
such that 

(8) %|A(p, N)) > x(p, g) ~ \, for N>Nl 

Now, since A(p, N) is conjugated to the product between some finite permu- 
tation dynamics and the shift of N symbols, there exists an ergodic measure 
pw g A1(A(p, N)) that maximizes the topological entropy. Hence, directly from 
© 

(9) h tlN (g)> X (p,g)-K for N>N X . 

We suppose from now on that p is fixed, being the general case similar 
deduced as we did before. Next, we find a positive integer N 2 such that if 
p G A\(f\A(g,N 2 )) is ergodic then p(p, p p ) < 1/n as required. For this, given 
C > arbitrary small it's enough to find N = N(Q such that (orbit of) any point 
of A(p, N) visits very frequently the ball of radius C and center p. 

Provided p is a hyperbolic fixed point we have 

f)g'(v) = {pl 

ieZ 

Hence, given C > arbitrary small, there exists a positive integer n\ > T, 
depending on C, such that for every n 2 > n\ 

diam Q g\V) < C 

Now, if V = n"n g~'(V) an d z G V/ then for every r e [ni, (I - l)ni) we have 
that 

g'-(z) g p g\V) c B c (p). 

I«l<»i 

1-2 

So, the fraction of time in [0, ln{) that the orbit of z stay in B c (p) is — - — . 

Recall that t is the period of the periodic set A(p, N) of g, and let us define 
k = t - T. Given N big enough, let I G N be such that (I + l)fti >k>ltii. Since 
for every z G A(p, N) there exists r G [0, t) such that g r (z) G V, the frequency of 
the orbit of z passing in B e (p) is bigger than 

q-2) Wl 

(/ + l)iti + T" 
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Provided I — > oo when N — > oo, given Ci > we can choose N 2 such that the 
frequency of the orbit of every z e A(p, N) passing in B^(p) is bigger than 1 - Ci, 
and then choosing Ci smaller if necessary we have 

1 

(10) (2(|U, /ip) < — , for every ergodic measure \i £ M(A(p, N)), N > N 2 . 

Finally we find N3 in order to obtain property (d) for A(p, N), N > N3. 
We define 

VI = V n g(V) n ... n g*(V), and 

v s k = vng-\v)n...n g - k (V). 

Given vectors v, w £ R 2 " and subspaces E,F c R 2 " we define 



ang(v, w) = 



tan 



arccos 



/ < v, w > V 
I IMHMI / 



ang(v,E) = min ang(v,w) and ang(E,F) = min ang(w,F). 

weE,\m\=l weE,\w\=l 

4.3. Remark. Another definition of the angle between two subspaces in literature is 
the following: IfR n = E®Fis some decomposition, let L : E 1 - — > E be the linear map 
such that F = \w + Lw; w € E^}, and then some authors define the angle between E 
and F as \\L\\~ l . Nevertheless, there is an equivalence between this definition and the 
one presented here. 

We need the following lemma. 

4.4. Lemma. With above definitions, there exists constant K 6 such that if z e V s k , 
v e R 2n \E s p and ang(g k (v), E s p ) > 1, then 

\Dg k (z)(v)\ > KfillDg^VM min{ang(v,E s p ), 1}. 

Proof Using the decomposition of R 2 " fixed on V, we have v = (z? s , v u ), v si - u) £ 
E S p U \ for every v £ R 2 ". Let \v\' = maxjl^l, \v u \} be the maximum norm. 
Since E s ± = E p , and Dg k (z) = Dg k if z G V, we have 

\v u \ \Dgt(v u )\ 
(11) ang{v,E s v ) = 1-i and 1 < ang(Dg k (z)(v), E s ) = — ^ . 

Then, 

|Dg*(z)(i7)r = Pg>*)| 

-fc|r>M|i-lu,u 



> HD^i^ir^"!, 

p \Ep\ 



= ||D g :' ; |E p "irV s l^(z; / £ s ); 
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which implies 

(12) \Dg k (z)(v)\' > \\Dg- k \E u \\- x \v\' min{ang(v, E s p ), 1}. 

Therefore, by the equivalence between norms, the result follows. 



□ 



Recall now, 



A(p,N) = {Jg i (A(p,N)) 

is a hyperbolic set for g, with A(p,N) c V, and t = k + T where g'(A(p,N)) c 
V for < i < k. Moreover, by construction of A(p,N)) we know that the 
hyperbolic decomposition T A{piN )M = E s © E u is such that E s (z) and E u (g k (z)) 
are close to E s (p) and E"(p), respectively, for every z £ A(p,N). In particular, 
ang(Dg k (z)(v),E s (p)) > 1 for v £ £"(z). 

Hence, we can use Lemma 14.41 to find a constant K 6 , such that for every 
z £ A(p,N) and v £ E u {z), 

(13) \Dg r (z)(v)\ > (C K 6 ) ; \\Dg- k \\- l \v\, for r = Z(/c + T), I £ N. 

where 

C = inf ||Dg T (z)(z;)||. 

zeV\g-HV), N=l 

Therefore, it's not difficult to see that for N big enough, all points in A(p, N) 
have positive lyapunov exponentes bigger than x(p,g) ~ m particular, 
we can choose N3 in order to get k » T, such that for any periodic point 

qeA(p,N),N>N 3 , 

1 

x{q,g)>x{V'g)--- 

n 

Hence, if we take A(p,n) = A(p,N) for N = maxjNi, N2, N3}, the properties 
of proposition are satisfied for the perturbation g of /. 

Now, by robustness of the hyperbolic periodic point p and the set A(p, n), 
properties (1) and (2) are also satisfied for diffeomorphisms close to g. Recall 
that \i n is the one that maximize topological entropy, then in order to prove 
properties (3) and (4) we just concerned with some neighborhood of the set 
A(p, n), and so, the same could be done for diffeomorphisms near g. Which 
concludes the proof of proposition. 

□ 

5. Example of discontinuity points for topological entropy 

In order to prove Theorem C, we construct an example of a C°° area pre- 
serving diffeomorphism over S 2 that is a non upper semi-continuity point for 
topological entropy in the space Diff^S 2 ). 
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Firstly, let S be any surface different of T 2 . As S does not accept Anosov 
diffeomorphism, by Theorem A we have that for generic volume preserving 
diffeomorphisms of S 

h(f) = s(f). 

Hence, using that s(.) is a lower semi-continuous function, if we find a diffeo- 
morphim / 6 Diff^(S 2 ) such that h(f) < s(f), then this is an example where 
topological entropy is not upper semi-continuous. 

In order to find such diffeomorphism, we use the following result of Lai-Sang 
Young BH. 

5.1. Theorem. Let (p :RxM — > Mbe a flow in a 2-dimensional manifold M. Then, 
the diffeomorphism (p t = (p(t, .) over M has zero topological entropy, i.e, h((p t ) = 0,/or 
every t. 

By this result and the above discussion, to prove Theorem C it's enough to 
find a hamiltonian flow in S 2 with a hyperbolic periodic orbit. 

In what follows we describe the construction of such example which uses 
the well known mathematical pendulum, see HT9I . Recall that a vector field 
X H over a compact symplectic manifold (M, co) is Hamiltonian iff there exists a 
smooth map H : M — > R such that 

co(X H/ .) = dH. 

Also, recall <p t = (p(t, .) : M — > M is a symplectic diffeomorphism, for every 
t G R, where (p is the flow generated by X H . Note that in dimension two the 
space of conservative diffeomorphisms coincides with the symplectic one. 

From now on we consider the symplectic manifold (S 2 , co) the two dimen- 
sional sphere, with co(x) =< x, u x v >, for x e S 2 and u,v 6 T X S 2 , some 
induced area form over S 2 . If we give for S 2 cylindrical polar coordinates (0,z), 
< 8 < 2n and -1 < z < 1, away from its poles, we can verify that co = d9 A dz. 

Let Hi(d,z) = z be the height function over the sphere, and X Hl be the 
Hamiltonian vector field generated by Hi. Note the flow generated by 
has no hyperbolic periodic orbits, more precisely the poles are non-hyperbolic 
singularities, and the flow far from them is (p(t, (8, z)) = (8 + t, z), i.e., rotations. 

On the other hand, we can use the famous mathematical pendulum on S 1 x R 
to build hyperbolic periodic orbits in the previous flow. Let Hi : S 1 x R — > Rbe 
the total energy of the pendulum, H 2 (8,z) = \z 2 - cos 8, then the Hamiltonian 
vector field X Hl on the cylinder gives us the phase portrait of the pendulum. 
We observe that the flow generated by X Hl has an unstable equilibrium at 
p = (7i,0). Now, considering /3 : (-1,1) — > R the C°° bump function such that 
j3(x) = 1 if |x| < 1/2 and jS(x) = if |x| > 2/3, we define H : S 1 x (-1, 1) -> R as 
follows 



H(8,z) = p{\z\)H z {9,z) + (1 - p{\z\))H x {8,z). 
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Hence, after some coordinate change we can look for this function over S 2 . 
In fact, what we did was just to carry the pendulum flow to the sphere by 
changing the height function on some strip. See figure El And finally, Xh is a 
Hamiltonian vector field on S 2 and the flow generated by it has a hyperbolic 
singularity as we wanted. 
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